Abstract -U sing approximation by a micropolar continuum, the extensional buckling of a multi-story, multibay rectangular frame with rectangular boundary is solved by formulating the problem in terms of a system of six linear ordinary differential equations. The buckling loads must be computed by a trial-and-error procedure because all coefficients of the 6 x 6 determinant to vanish depend on explicitly inexpressible complex roots and eigenvectors of another 6 x 6 determinant which in tum depends nonlinearly on the initial stress. It is shown that for tall frames consideration of long-wave buckling loads is important. Also, the continuum approximation is found to give very accurate results, as compared with the exact solutions oflarge frames.
WHILE in low building frames the axial extensions of members may be usually neglected, in tall frames they must be taken into account. Buckling modes of such frames are then of long-wave character and the whole building frame appears to buckle as a single column. Analysis of such buckling modes with the usual methods becomes intractable for truly large frames, because of the overwhelmingly large number of unknown displacements of joints. As a rule, however, large frames are of regular character. This fact may be advantageously utilized introducing a continuum approximation of the frame, which has been developed in detail in a previous article [1] and has been found to lead to an orthotropic micropolar continuum of Eringen [2] .
The aim of the present paper is to present a solution of long-wave buckling of a large regular rectangular frame, with rectangular boundary, using the micropolar continuum approximation .. All columns of the frame will be considered to have equal cross sections and equal initial axial forces, and the same will be assumed for the beams. This simplification with regard to practical situations is introduced for two reasons. First, it makes possible an analytical solution and, second, the results may be compared with the exact solution which can be obtained 'by the methods of finite difference calculus, as has been shown elsewhere [3] . The comparison will show that the present solution is simpler and, especially, that the error committed by using the continuum approximation is, for a large frame, very small indeed. This fact will give confidence in the use of the continuum approximation for frames with variable member properties and axial forces or frames of other boundary shapes and boundary conditions, for which the solution of the type presented here is not feasible. In such cases the continuum approximation may serve as a basis for numerical solutions by the finite difference method (or finite element method), leading to a substantial reduction in the number of unknown displacement parameters [l] . (A detailed description of such applications of the continuum approximation is given in a separate article [4] .)
The method of solution expounded in the sequel bears, in spite of greater complexity, some marks of similarity with the solutions for buckling of rectangular int Associate Professor. :j:Doctoral candidate. 1255 compressible non-polar solids, which have been given by Biot [5] , Wu and Widera [6] and Bazant [7] .
MATHEMATICAL FORMULATION OF THE PROBLEM
Let us consider a planar rectangular frame (Fig. 1) which is initially in equilibrium under initial axial forces pt in all columns and ~ in all beams. Subsequently, the initial equilibrium is disturbed by infinitely small incremental applied forces at the sides of frame and applied forces/x'!l/ and moments m per unit area. The incremental equilibrium equations for horizontal forces, vertical forces and bending moments acting on ajoint may be approximated by the following three partial differential equations [1] :
(1)
Here x, y = horizontal and vertical cartesian coordinates (Fig. 1) Su, C u = the well-known stability functions of ~ and pt, which are expressed, in the case of constant cross-section, as follows (see [8] , e.g.): 
where a = V (IPOIL/k) and s = 4, C = 1/2 for po = O. (When the cross-section is variable along each member, the sand c functions may be obtained numerically.) Finally,
To make an analytical solution possible, the frame of rectangular boundary will be considered to be compressed on top and bottom between two rigid frictionless plates which slide on the frame, except that the central point is fixed, as is shown in Fig. 1 . This is not a practical case but numerical analyses have shown that the buckling load of this frame is almost the same as the buckling load for the usual case of a free-standing frame fixed at the base if its height equals 1/4 of the height of the frame considered here and the properties are identical. Furthermore, because the horizontal incremental axial forces are negligible, as the analysis below will confirm, the solution for a frame with completely fixed top and bottom boundaries will be almost the same.
The buckling mode will be assumed to be sinusoidal in the vertical direction,
where U, V, R are functions of x only and Uo, yare constants, y = 1T/H. These expressions identically satisfy the conditions on displacements at the bottom and top boundaries, namely v = cP = 0 for y = 0 and y = 2H. The expression for the shear stress (T YX at these boundaries is [1] (kys~u.y+2kys~cP)/LxLy and it is seen that it also vanishes identically, as is required by the third and last of the boundary conditions on top and bottom. The joints at the free left and right faces of the frame will be considered to have no incremental applied moments M L , MR and vertical forces TL, TR but in general to have a nonzero incremental horizontal applied force pL, pR, positive when oriented into the frame. The boundary conditions are most conveniently expressed when the frame is imagined to extend beyond the actual boundary joints at the sides of the frame, and the continuum boundary is imagined to be located at midlength of the first imaginary beams extending beyond the boundary (in detail, see [1] ). The continuum approximations to the incremental axial compressive force, shear force and bending moment in the horizontal beams are (cf. [1]):
The boundary conditions at the left side x = -a are pL = P/r, TL = T x , ML = M x -(TL+ P~v,x)Lx/2 and those at the right side x = a are obtained by replacing Mx with -Mx [1] , the positive sense of TL, TR, ML, MR being considered the same as for the force upon boundary joint due to the internal forces in the imaginary members. Substituting (5), and TL = TR = ML = MR = 0, the boundary conditions at the sides take the form:
In the sequel it will be further assumed that pR = -pL, which means that only anti symmetric deformations and buckling modes will be considered because they can be naturally expected to yield much lower buckling loads than the buckling modes in which the frame deforms symmetrically about the vertical axis (bulging).
When expressions (4) are substituted into 0), all functions of y may be eliminated and (1) is reduced to a system ofthree ordinary differential equations
To make analytical solution possible, the incremental horizontal loads at the sides of frame will be assumed to be sinusoidally distributed, (8) where P* = constant. The boundary conditions on V, V and R result by substituting (4) and (8) into (7),
COMPUTATION OF CRITICAL LOADS
The problem has been formulated in terms of a system ofthree simultaneous secondorder ordinary linear differential equations (7) with six boundary conditions (9). For the analytical solution it is convenient to transform equations (7) to a system of six first-order equations by defining six new unknown functions of x,
(10) where primes stand for derivatives. If these variables are substituted into (7) (11) (12) Note that the coefficients of equation (11) are not symmetrical, although those of the original equations (7) are.
Because the coefficients of equations (11) are constant, the solution may be sought in the form (13) Substitution into (11) yields a system of homogeneous linear algebraic equations for K; which admit non-zero solution only if their determinant vanishes. This condition requires that the admissible values for A are the eigenvalues of the matrix of equations' (11 (14 ) which is a cubic equation for 11. 2 • (Thus, if A is a root, so is -A.) There are six roots A = 11. 1 ,11. 2 , ..• ,11. 6 which are in general complex (although in practical computations 11.10 ••. ,11. 4 were usually real and 11. 5 ,11. 6 imaginary). The roots will be assumed to be all distinct, i.e. no double roots exist. (This has been found to occur in nearly all of the practical cases computed; in the very few cases in which double roots occurred, the input values have been slightly modified to avoid this situation which would necessitate a different program of solution.) The solution ofthe system of homogeneous algebraic equations when the value of Aj is substituted will be denoted as K{, . .. , K~. These are in general complex numbers and represent thejlh eigenvector of the matrix of equations (11), which is determined uniquely except for an arbitrary multiplier. The general solution of equations (11) may then be written in the form (15) where C 1 , ••• , C 6 are arbitrary constants, which in general must be considered as complex although again, as in the case of the eigenvalues, C, ... , C 4 were usually real and C 5 , C 6 were imaginary.
When all incremental applied forces at the boundary are zero (p* = 0), the boundary conditions (9) furnish a system of six linear homogeneous equations for
The critical values of pt (for a given Pf, usually Pf = 0) are then determined by the condition that the determinant of these equations must be zero for buckling to occur. The coefficients of the determinant, however, depend on P~ in a very complicated manner; they are functions of the complex roots and eigenvectors of matrix (11), which do not possess explicit expressions and, according to (12), depend nonlinearly on SY' Cy , s~, s~ which in turn are nonlinear functions of pt. Thus, although the problem has the nature of an eigenvalue problem, it is much more complicated than its usual form. Consequently, some sort of trial-and-error procedure must be applied in an effort to find out for which value of P~ incremental deformation is possible without any incremental loads. The points on the vertical axis of symmetry will be forced to undergo incremental horizontal displacements u = 1 -cos 'ry, i.e. U = 0 for x = 0, and U 0 = 1 (16) and the values of load parameter P*, needed to sustain this deformation, will be determined for various values of P~, until the case P* = 0 is obtained. The two boundary conditions involving P* in equation (9) are now replaced by condition (16) and the antisymmetry condition U,A-a) = U,Aa). Together with the remaining four conditions (16), the boundary conditions yield, after substitution of expressions (15) The right-hand sides ofthese expressions are complex numbers. The value of load parameter P* needed to sustain the imposed incremental deformation may be determined from the first boundary condition (9) which, upon substitution of expressions (15), provides
The above method of solution has been programmed using complex Fortran variables where appropriate (e.g. for Aj, K~, Cj, b ij ). The characteristic roots Aj and the eigenvectors have been computed using standard library subroutines. The critical value of P~ has been determined by the following procedure, analogous to the 'regula falsi' method: (1) Select some value of P~ and compute the corresponding P*. (2) If this P*-value is negative, increase, and if it is positive, decrease the P~-value. Then compute again the corresponding P*. (3) Continue changing P~ until p* switches sign. Then determine the value of P~ for which p* would vanish if linear interpolation applied, and compute the corresponding P*. (4) Correct the value P~ using again linear interpolation, compute new P* etc., until the change in p* is negligible.
In applying the above algorithm, caution is necessary not to use an excessive change in P~ because the lowest critical value could be missed. Nevertheless, after some computing experience only about seven analyses for seven different values of P~ were necessary to find the lowest critical value with about seven digits exact.
NUMERICAL STUDIES
The solution described above has been programmed in Fortran IV and a number of frames has been analyzed (using computer CDC-6600). In addition to verification ofthe method, the objective of these studies was to determine the magnitude of the error in comparison with the exact (and more complex) solutions which have been published previously by the authors [3] . The comparison is shown in Fig. 2 . It is seen that the micropolar medium is indeed a very good approximation to large regular frames when the overall behavior with axial extensions is considered. One may thus expect the 1261 continuum approximation to yield accurate results even in other situations [4] in which exact solutions are not possible. Furthermore, it is of interest to make comparison with the buckling loads for shortwave modes without axial extensions. It is known that in such modes, which have usually been considered in analysis, the buckling load is only slightly less than the Euler load for an isolated column (when sway is not prevented). From Fig. 2 it is seen, that in tall frames the long-wave buckling loads can be much smaller.
From Fig. 3 it is seen that for the relatively frequent cases of the higher beam-tocolumn stiffness ratios and very small ratio of frame slenderness (H/B) to column slenderness, the distribution of vertical displacements across the frame width deviates more from the exact solution [3] and has short-wave components. This waving is false and has never been found in the exact solution [3] . But even in these cases the buckling load is still very close to the exact value and the average of the short-wave component approximately coincides with the exact solution.
A discussion of the non-dimensional parameters on which the buckling load depends has been presented in a previous paper [3] , on the basis of an exact solution, and thus need not be repeated here. xIS xIS Fig. 3 . Distributions of the amplitude or vertical joint displacements acroSS a frame width at buckling for 20 bays per width and various beam-to-column stiffness ratios k.Jku' frame heightto-width ratios HIB and column slenderness ratios Lulru. Dashed lines show the present solution where it differs from the exact solution from [3] shown by solid lines. Distribution of column extensions are the same. For p~ less than the buckling value, the distributions are appreciably different (not shown) only if either ~/PEu is not small or the distribution has shortwave components.
load can be much smaller than the usually considered short-wave buckling load in which axial extensions are neglected. 2. Although the problem has the nature of an eigenvalue problem, it is much more complicated than its usual form because all coefficients of the 6 x 6 determinant to vanish depend on the initial stress nonlinearly and in a complicated manner which involves explicitly inexpressible complex roots and eigenvectors of another 6 x 6 determinant. Nevertheless, a numerical solution of any desired accuracy can be obtained by a procedure analogous to the 'regula falsi' method.
3. A continuum approximation of large regular frames under initial stress by an orthotropic micropolar medium is a very good model for the study of overall behavior of such frames.
